In this work we study a wide class of symmetric control systems that has the Chua's circuit as a prototype. Namely, we compute normal forms for Takens-Bogdanov and triple-zero bifurcations in a class of symmetric control systems and determine the local bifurcations that emerge from such degeneracies. The analytical results are used as a first guide to detect numerically several codimension-three global bifurcations that act as organizing centres of the complex dynamics Chua's circuit exhibits in the parameter range considered. A detailed (although partial) bifurcation set in a three-parameter space is presented in this paper. We show relations between several high-codimension bifurcations of equilibria, periodic orbits and global connections. Some of the global bifurcations found have been neither analytically nor numerically treated in the literature.
Introduction
An important task for the understanding of the dynamics of parameterized systems of autonomous ordinary differential equations is the determination of the organizing centres as well as the bifurcations they exhibit (see, for instance, [Guckenheimer & Holmes, 1983; Kuznetsov, 1995; Nayfeh & Balachandran, 1995; Wiggins, 1996] as general references). The combination of analytical and numerical tools is usually needed due to the existence of a complex bifurcation scenario.
On the other hand, many physical devices are modeled in such a way that the equations governing their dynamics have Z 2 -symmetry, namely invariance under the change of the sign in the state variables, (x, y, z) → (−x, −y, −z). In these systems, and Chua's equation is a prototype of them, the symmetry plays a central role directly affecting the dynamics and the observability. A first consequence is that the origin is always an equilibrium point. The simplest local bifurcations that this equilibrium point can undergo are of codimension one: pitchfork (involving only equilibria) and Hopf (leading to periodic behavior).
More involved local bifurcations correspond to the codimension-two cases: Takens-Bogdanov and Hopf-pitchfork interaction. These kinds of bifurcations have been analyzed for Chua's equation in [Algaba et al., , 2000 . Note that the search of bifurcations of higher codimension is interesting because their presence will generically guarantee the existence of lower codimension bifurcations.
Our goal is to reveal some aspects associated with the bifurcation behaviors exhibited by the Chua's equation near a triple-zero bifurcation. This last one is a linear codimension-three situation, whose analysis is far from being analytically complete, even in the simplest situations and without symmetry (see [Dumortier et al., 2001; Freire et al., 2002] and the references therein).
It is interesting the study of a set of general systems and the analysis of one concrete system that acts as paradigm of that set. This is the situation in the case of some Z 2 -symmetric control systems and Chua's equation. Namely, in our analysis, we will write the Chua's equation, by means of a linear change, as a controllable canonical form for tridimensional systems subject to a nonlinear feedback law, satisfying some hypothesis that will be specified later. In this sense, we can understand the Chua's equation as a model of such a kind of control system.
We will carry out the analysis of bifurcations for the canonical tridimensional control systems and then, the achieved information will be used to explain some bifurcations in the Chua's equation. In particular, several phenomena related to periodic and quasiperiodic motions can be analytically explained by our study. All the information we could obtain about Chua's equation will be a valuable guide to orientate the analytical study of the triplezero degeneracy, a very difficult problem that is far from its full understanding.
In a second part of this work, we carry out a detailed numerical study of Chua's circuit close to the two codimension-three bifurcations of equilibria analytically considered (degenerate Takens-Bogdanov bifurcation and triple-zero degeneracy). This numerical study allows to get important information about other codimension-two and -three bifurcations of global connections and of periodic orbits. In fact, several of the codimension-three homoclinic connections detected here, as far as we know, have been studied neither analytically nor numerically.
The paper is organized as follows. Section 2 is devoted to reduce the Chua's equation to control canonical form, and also to discuss the bifurcations of equilibria that can be inferred from such canonical form. In Sec. 3 we study numerically the bifurcation sets, guided by the analytical results, in the vicinity of a degenerate Takens-Bogdanov bifurcation. The detection of several degenerations in the principal homoclinic connection suggests its numerical study that is carried out in Sec. 4. In Sec. 5 we extend the study to secondary global bifurcations. Finally, Sec. 6 contains some conclusions and an outlook to future research.
Control Systems: Normal Forms and Local Bifurcations
Let us start by introducing Chua's equation considered here, that models a simple electronic circuit, exhibiting a wide range of complex dynamical behaviors. Let us consider the case of a cubic nonlinearity, whose equations are derived in [Pivka et al., 1996] :ẋ = α(y − ax 3 − cx) , y = x − y + z , z = −βy − γz .
(1)
In this equation a parameter γ is included in order to take into account small resistive effects in the inductance of the circuit.
Our first task will be to put the Chua's equation in an appropriate form. Let us consider β = 0 and perform the following linear transformation 
System (2) represents a wide class of interesting dynamical systems. Namely, consider a tridimensional control system (see Fig. 1 ):
(x ∈ R 3 represents the state variables, and b ∈ R 3 is constant) subjected to a nonlinear feedback u = −φ(y) where φ is an odd function of the output variable, which we assume of the form (c ∈ R 3 ) is taken as a linear combination of the state variables. We will consider that the origin for the control system (4 and 5) is locally asymptotically stable (that is, the matrix A − bc T is Hurwitz), and also that the pair (A, b) is controllable, i.e.
span{b, Ab, A 2 b} = R 3 .
Then, the control system (4 and 5) (see [Barnett & Cameron, 1985] ) can be reduced to its canonical control formẋ
where
We have included a fifth-degree term in φ, bt 5 , since we will perform a fifth-order normal form analysis. In the case of Chua's equation with cubic nonlinearity it is enough to take b = 0. Our study will be also valid if the nonlinearity in Chua's circuit is modeled by a fifth-degree polynomial. Notice that (6) agrees with (2) taking the parameters adequately. Namely, ε 1 , ε 2 and ε 3 as stated in (3) and
Our first task will be to analyze the TakensBogdanov bifurcation that the origin in the control system (6) undergoes. The analysis of the normal form computed reveals that a nonlinear degeneracy may occur giving rise to a degenerate TakensBogdanov bifurcation of codimension three. The second aim of this section will be to look for another codimension-three local bifurcation: a triple-zero degeneracy of the equilibrium at the origin (that occurs for the critical values ε 1 = ε 2 = ε 3 = 0). It is a straightforward computation to show that, taking ε 1 = ε 2 = 0 , ε 3 = 0 , the linearization matrix at the origin in system (6) has a double-zero eigenvalue and a third eigenvalue ε 3 nonzero. Then, we have a bidimensional center manifold and a one-dimensional stable manifold in the case ε 3 < 0 or a one-dimensional unstable manifold in the case ε 3 > 0. To analyze this linear codimension-two bifurcation, we take ε 1 and ε 2 as bifurcation parameters, and fix ε 3 . The first step consists in putting the linearization matrix at the origin
This is done with a linear transformation
that yields a system whose linear part is
The normal form analysis requires to compute an approximation of the center manifold. In this case, the third-order approximation is (see [Freire et al., 1989] 
. Note that parameter b, that appears in the expression of φ, is not relevant in the degenerate TakensBogdanov bifurcation (this is because, although it is present in the normal form coefficient of X 4 Y , it is multiplied by the coefficient of X 2 Y that vanishes when the degeneration occurs).
The analysis of bifurcations in this threeparameter family can be found in [Rousseau & Li, 1989; Rodríguez-Luis et al., 1991] . From such a codimension-three point, several codimension-two bifurcations emerge:
• A nondegenerate Takens-Bogdanov bifurcation on µ 1 = µ 2 = 0, µ 3 = 0.
• A degenerate Hopf bifurcation of the origin on µ 2 = µ 3 = 0, µ 1 < 0. From here, a surface of saddle-node bifurcations of periodic orbits emerges, in first approximation, on µ 2 3 = 8µ 2 , µ 3 < 0.
• A degenerate Hopf bifurcation of the nontrivial equilibria on µ 3 = 0, µ 2 = −µ 2 1 , µ 1 > 0. From here, a surface of saddle-node bifurcations of periodic orbits emerges, in first approximation, on
• A degenerate homoclinic connection (zero trace of the equilibrium), in first approximation, on µ 2 = 0, µ 3 = −(8/7)µ 1 , µ 1 > 0. From here, two surfaces of saddle-node bifurcations of periodic orbits emerge, which can be parameterized by means of elliptic integrals (they are not included here for the sake of brevity).
• A cusp of saddle-node bifurcation of periodic orbits, given in first approximation, on µ 2 ≈ 1.5713µ 2 1 , µ 3 ≈ −3.3484µ 1 , µ 1 > 0. Codimension-one bifurcations are organized around the above reported codimension-two degeneracies. Besides the saddle-node bifurcations of periodic orbits just described, the following bifurcations are also present:
• A pitchfork of equilibria on µ 1 = 0.
• A Hopf bifurcation of the origin on µ 2 = 0, µ 1 < 0. Moreover, this bifurcation is subcritical for µ 3 > 0 and supercritical for µ 3 < 0.
• A Hopf bifurcation of the nontrivial equilibria on µ 2 = −µ 1 µ 3 − µ 2 1 , µ 1 > 0. Moreover, this bifurcation is subcritical for µ 3 < 0 and supercritical for µ 3 > 0.
• A homoclinic connection surface, in first approximation, on µ 2 = −(4/5)µ 1 µ 3 −(32/35)µ 2 1 , µ 1 > 0. This homoclinic connection is repulsive for µ 2 > 0 and attractive for µ 2 < 0.
• A saddle-node bifurcation of periodic orbits, in first approximation, on µ 2 ≈ −0.752µ
The rest of this section is devoted to analyze what happens when ε 3 approaches to zero. We assume the hypothesis c 1 = 0 (otherwise, there is a planar singularity). It is easy to see that for the critical values ε 1 = ε 2 = ε 3 = 0, the origin undergoes a linear degeneracy corresponding to a triple-zero eigenvalue. The theoretical study of such singularity is far from being complete. In fact, only very partial results have been established. Here, we include a normal form analysis, which will be very useful when studying system (6) for ε-values close to zero.
The normal form we compute includes a reparametrization of the time
3 . Also, we make the linear change
. Note that the matrix of the above transformation commutes with the linearization matrix, so that the linear part is preserved. The values of β 1 , β 2 , δ have been suggested by the use of the algorithm developed in , in order to achieve the maximum number of vanishing terms in the classical normal form of the triple-zero singularity. In fact, the fifth-order normal form obtained is (see [Algaba et al., 2001a] ):
where:
. Note that, in this case, parameter b (fifth-degree coefficient of φ) plays a role in the fifth-order normal form coefficients.
The normal form is of utility when unfolding by including the parameters ε 1 , ε 2 , ε 3 . In fact, in the three-parameter familẏ
there exist several bifurcations, organized around the critical value ε 1 = ε 2 = ε 3 = 0. Among others, two curves of nondegenerate Takens-Bogdanov bifurcations (of homoclinic and heteroclinic types), and a Hopf-pitchfork bifurcation which falls into the type VIa, following the classification of [Guckenheimer & Holmes, 1983, Sec. 7 .5] (recall, that in this case, the presence of secondary Hopf bifurcations of periodic orbits, giving rise to invariant torus, is warranted). Moreover, additional global bifurcations must be expected. In fact, the blowing-up
Putting ε = 0, we obtain a simple system whose study will provide several bifurcations that are contained, in embryo, in the three-parameter unfolding of the triple-zero normal form. A deep study of this system is beyond the scope of this paper.
Preliminary Numerical Study
In this section we take advantage of the analytical results obtained above. In our numerical study of Chua's equation (1), performed basically with AUTO97 [Doedel et al., 1998 ], we will take β, c and α as bifurcation parameters and we will fix the other two, namely a = −1, γ = 0.3 > 0, in accordance with the previous work (see [Algaba et al., 2000] ) that the present paper complements in certain aspects. Our strategy will be the following. We will take slices α = constant of the tridimensional parameter space in the neighborhoods of the codimensionthree bifurcations of equilibria analytically detected. Concretely, for the values of a and γ fixed above, a degenerate Takens-Bogdanov bifurcation of homoclinic type TB1D takes place at the critical values α c ≈ −1.08132, β c ≈ 0.00434 and c c ≈ 0.98573 (to obtain these values it is enough to impose the conditions (8) to the corresponding coefficients of Chua's equation given in (3) and (7). On the other hand, it is a straigthforward computation (it is enough to impose ε 1 = ε 2 = ε 3 = 0 to the corresponding coefficients of Chua's equation given in (3)) to show that the equilibrium point at the origin has a triple-zero eigenvalue whenever the parameters satisfy the following relations:
for γ = 0, −1/2, −1. Then, as we will deal along this work with γ = 0.3, a triple-zero degeneracy of the origin TZ occurs when α c = −1.373125, β c = 0.016875 and c c ≈ 0.946746. We will check that all the codimension-two bifurcations predicted by the theory in the vicinity of TB1D appear and, at the same time, we will look for codimension-two global bifurcations (basically degenerations in homoclinic connections). Thus, on the one hand, we will complete the bifurcation scenario around these codimension-two points in the corresponding parameter planes. Moreover, we will continue in the three-parameter space the curves of such codimension-two global bifurcations. In this way we will find new codimension-three bifurcation points that act as organizing centres of the complex dynamics Chua's equation exhibits in the parameter range considered.
First, we take two slices α = constant on both sides of the degenerate Takens-Bogdanov bifurcation of homoclinic type. As it occurs for α TB1D ≈ −1.08132, we will study the (β, c)-parameter bifurcation planes for α = −0.8 and α = −1.2.
In Fig. 2 (a), for α = −0.8, we observe that the curve where the pitchfork bifurcation of the origin PI occurs has two different branches. In fact, both have asymptotic behavior for β = −γ = −0.3. Note that the equation of that locus, given by
is easily obtained putting ε 1 = 0 in (3). On each of both branches of the curve PI, a point of Takens-Bogdanov bifurcation of the origin exist, namely TB1 and TB2, where TB1 is of homoclinic-type and TB2 of heteroclinic-type. See, for instance, [Guckenheimer & Holmes, 1983; Kuznetsov, 1995] .
From the codimension-two point TB2 two new curves emerge: Ho, corresponding to a supercritical Hopf bifurcation of the origin (where a symmetric periodic orbit is born) and He2, corresponding to heteroclinic connections of the nontrivial equilibria. Note that Ho connects both Takens-Bogdanov points, TB1 and TB2.
The other three curves emerge from TB1 [see
ho, a curve where the nontrivial equilibria undergo a subcritical Hopf bifurcation (and then a pair of asymmetric periodic orbits is born); H, a curve of homoclinic connections of the origin; SN1 corresponding to saddle-node bifurcations of symmetric periodic orbits. The curve SN1 ends at a new codimension-two point, Hif, placed on H, for β ≈ −0.0514 and c ≈ 1.3783. It corresponds to a degeneration in the homoclinic connection known as inclination-flip or critical twist. Note that the saddle-node curves of symmetric periodic orbits are denoted with capital letters and the saddle-node curves of asymmetric periodic orbits are denoted with lower case letters.
An inclination flip is related to a change in the orientability of the stable invariant manifold of the origin, due to the violation of the so-called strong inclination property (see [Shil'nikov, 1969; Deng, 1993] ). In our case, as at such point the three eigenvalues of the linearization matrix at the origin of (1) are λ ss ≈ −0.686, λ s ≈ −0.086 and λ u ≈ 0.575, a very complicated bifurcation structure involving n-periodic and n-homoclinic orbits of any period n and a region with horseshoe dynamics are expected. A detailed numerical study in the vicinity of such a point, as well as the presence of other degenerations of this kind in (1) is beyond the scope of this paper and will be treated in a next work. Now we fix α = −1.2 (see Fig. 3 ), to obtain the bifurcation set on the other side of the degenerate Takens-Bogdanov point. As we can see in Fig. 3(a) , the bifurcation set on this side of TB1D is much more complicated than on the other side (see Fig. 2 ). The complete bifurcation set in a neighborhood of such a degenerate Takens-Bogdanov bifurcation of homoclinic type can be found in [Rousseau & Li, 1989; Rodríguez-Luis et al., 1991] . Then, besides the nondegenerate point TB1, four new codimension-two bifurcations will be present: a degenerate Hopf bifurcation of the origin Hod, a degenerate Hopf bifurcation of the nontrivial equilibria hod, a cusp of saddle-node of periodic orbits CU and a degenerate homoclinic connection Hd2a. But in the bifurcation set only two of these points appear, Hod and hod (a saddle-node bifurcation of symmetric periodic orbits SN1 emerges from Hod and a saddle-node bifurcation of asymmetric periodic orbits sn1 starts at the hod point), whereas CU and Hd2a are not present. To find them we have to consider bifurcation sets for values of α closer to α c ≈ −1.08132 where the degenerate Takens-Bogdanov bifurcation occurs. This will be done later.
Principal Homoclinic Connection and Its Degenerations
In this section we will perform a detailed numerical analysis of the degeneration in the homoclinic connection in order to explain the bifurcation set shown in Fig. 3 . The curve of principal homoclinic connections H, that emerges from the point TB1 when the origin is a saddle equilibrium, presents some degeneracies not deduced from the analytical study of local bifurcations carried out in Sec. 2. The first one, Hd1a, is caused by the transition of the origin from saddle to saddle-focus, for β ≈ 0.01018, c ≈ 0.9683. Since the double eigenvalues are not determining (an eigenvalue is called determining if it is the eigenvalue closest to the imaginary axis) the homoclinic bifurcation remains tame [Champneys & Kuznetsov, 1994] .
If we denote by (ρ ± iω, λ) the eigenvalues of the trivial equilibrium, the second degeneration on H, Hd2b, that occurs for β ≈ 0.0109, c ≈ 0.974 is produced as δ = |ρ/λ| = 1 (resonant eigenvalues). The transition from tame to chaotic homoclinic orbit occurs at this point.
Next, for β ≈ 0.0038, c ≈ 1.083, a new degeneration Hd3 appears when δ = 1/2 (zero-divergence). The last degeneration we have detected in the parameter range shown in Fig. 3(a) , Hd1b, when β ≈ 0.00057, c ≈ 1.11, is caused by the transition from saddle-focus to saddle of the origin. In this last degeneration is where the curves SN2 and sn1 end, since now the double eigenvalues are determining.
But a fifth degeneration occurs on H, Hif, when β ≈ −0.0245, c ≈ 1.278 [see Fig. 3(b) ]. This new inclination-flip point (degeneration that was also present in the first slice, for α = −0.8, shown in Fig. 2(b) ) is the endpoint of the other saddle-node bifurcation curve SN1. Note that for α = −1.2 the Hif point is connected via SN1 with Hod whereas for α = −0.8 the Hif point is connected via SN1 with TB1.
Since the equilibrium of the origin is a saddlefocus at the point Hd2b instead of a saddle, this means that new degenerations on the homoclinic connections curve must exist between the two values of α analyzed (α = −0.8 and α = −1.2), more specifically, between α = −1.2 and α TB1D ≈ −1.08132. To analyze these new codimension-two global bifurcations we continue, in the (α, β, c)-parameter space, the codimension-two curves of degenerate homoclinic connections. We start from the degenerate points present on H for α = −1.2 in the parameter range shown in Fig. 3(a) , namely Hd1a, Hd1b, Hd2b and Hd3.
In this way, the projection of such curves onto the (α, β) plane is shown in Fig. 4 . We can see how several curves emerge from the triple-zero point TZ:
• The locus of homoclinic orbits with a double-real eigenvalue, Hd1a, where the transition of the origin from saddle to saddle-focus occurs (blue dashed line). Since the double eigenvalues are not determining in the vicinity of the point TZ, the homoclinic bifurcation remains tame and the bifurcation set does not contain bifurcation curves at which limit cycles can bifurcate other than of the primary homoclinic branch. The endpoint of Hd1a is a new codimension-three point THD1, for α ≈ −1.0886237, β ≈ 0.0036546, c ≈ 1.011682, since the eigenvalues are of the form (−λ, −λ, λ) with λ ≈ 0.198658. On the other side of THD1, a curve Hd1b (blue line) emerges. Now the double eigenvalues are determining and therefore, the bifurcation set contains an infinite number of bifurcation curves emerging from the codimension-two bifurcation Hd1b (see [Belyakov, 1980] ). Moreover, a new codimensionthree point, THD3, appears on Hd1b, for α ≈ For negative values of β another branch of the curve Hd1b also exists.
• The curve Hd2b (red line) where, the origin being a saddle-focus, the leading stable and unstable eigenvalues are resonant. This curve ends at the codimension-three point THD1.
• The curve Hd3 (black line) where, the origin being a saddle-focus, the divergence of the vector field (1) vanishes at the origin. It ends at the codimension-three point THD3.
Then we have obtained several important results. First, three curves of codimension-two homoclinic connections emerge from the triple-zero degeneracy point TZ. Second, two new organizing centres of codimension three have been detected: THD1 (where the origin has the transition focusnode and at the same time δ = 1) and THD3 (where the origin has the transition focus-node and at the same time δ = 1/2). Finally, we have shown that both codimension-three points are connected with the triple-zero via curves of degenerate homoclinic connections.
But one important question is open at this moment, namely if the degenerate TakensBogdanov point TB1D is connected with the other codimension-three points (TZ, THD1, THD3) via some curve of degenerate homoclinic connections (recall that up to this moment we have not found the degenerate homoclinic connection that according to the theory must emerge from TB1D). We expect that this degenerate homoclinic connection curve joins the points TB1D and THD1. Then to detect such a homoclinic degeneration we take a value of α between α THD1 ≈ −1.0886237 and α TB1D ≈ −1.08132, namely α = −1.085.
For this last value of α (see Fig. 5 ), the homoclinic connection H that emerged attractive from TB1 changes to repulsive when it crosses the degeneration point Hd2a (degeneracy predicted by the local analysis of the degenerate TakensBogdanov point TB1D). Consequently, two saddlenode curves emerge from Hd2a entering in the repulsive homoclinic region (δ < 1), one of symmetric periodic orbits, SN1 (that emerges from TB1 in Fig. 2) , and the other of asymmetric ones, sn2. This last curve collapses in a cusp, cu, with the saddle-node curve of asymmetric periodic orbits, sn1, emerged from the degeneration on the Hopf . . bifurcation of the nontrivial equilibria, hod. Moreover, the saddle-node curves of symmetric periodic orbits, SN2 and SN3, collapse in a cusp CU, as predicted by the local analysis of the degenerate Takens-Bogdanov point TB1D (note that we have already numerically found all the bifurcation behavior analytically predicted for the degenerate Takens-Bogdanov point TB1D, see [Rousseau & Li, 1989; Rodríguez-Luis et al., 1991] , namely the codimension-two points TB1, Hod, hod, Hd2a and CU). On the other hand, the inclination-flip degeneration Hif is also present and it is the end- point of the curve SN1. Note that cu is not related to the TB1D degeneracy, therefore another codimension-three bifurcation must exist between α = −1.085 and α TB1D that originates cu. Now we continue in the three-parameter space the curves hod (degenerate Hopf of the nontrivial equilibria) and Hd2a, where the origin is a saddle equilibrium and the stable and unstable leading eigenvalues are resonant. We observe in Fig. 6 that Hd2a exists between the codimension-three points TB1D and THD1. This figure is a zoom of Fig. 4 in the vicinity of TB1D, but we present in this case the projection onto the α−c plane because in such a plane the projected curves are easier to see than in the α − β plane. Remark that the numerical continuation of the curve cu has allowed the detection of a new codimension-three homoclinic bifurcation for α ≈ −1.0875, β ≈ 0.00457, c ≈ 0.9909, THD2. At this point, simultaneously δ = 1 and a = 1 where a is the coefficient in the Poincaré next return map: x → ε + a|x| δ . Note that the cases a > 1 and a < 1 have been studied (see [Khibnik et al., 1993] ) and also the codimension-three degeneration (see [Roussarie & Rousseau, 1996] ).
Precisely the cusp curves CU and cu emerge from the point THD2. These cusps of periodic orbits allow the transition that the saddle-node curves sn and SN have when crossing the degeneration point THD2: they emerge from Hd2a towards the Shil'nikov region (δ < 1, where 0 < a < 1) as can be seen in Fig. 5 , or towards the tame region (δ > 1, where a > 1, see Fig. 7 ) of the homoclinic bifurcation.
Whereas CU ends at TB1D (as predicted by the theory) the curve cu disappears at a new codimension-three point, ThoD, where a secondorder degeneration of the Hopf bifurcation of the nontrivial equilibria occurs, for α ≈ −1.08202, β ≈ 0.00436, c ≈ 0.98768. Note that the theory (see, for instance, [Arrowsmith & Place, 1990] ) guarantees that from ThoD, locally, only a curve of cusps cu emerges. The curve hod ends, outside the range of the parameters shown in Fig. 6 , at the point DHP (α = −1.69, β = 0.09, c ≈ 0.76923) where a degenerate Hopf-pitchfork bifurcation of the origin occurs. This codimension-three bifurcation was analyzed in [Algaba et al., 2000] . Note that the presence of the codimensionthree points TB1D, ThoD and THD2 might indicate the existence of a double degenerate TakensBogdanov point (see [Rousseau, 1990; Freire et al., 1999] ). We have looked for it in the analytic expressions of the Takens-Bogdanov bifurcation but such a codimension-four point does not occur in the four-parameter space (α, β, γ, c) of Chua's equation.
Our next task will be to investigate the bifurcation sets in the vicinity of the codimensionthree homoclinic bifurcations THD1 and THD2. A first slice on the right of THD2 has been already obtained (α = −1.085, Fig. 5 ). Then we choose a value of α between α THD2 ≈ −1.0875 and α THD1 ≈ −1.0886237 (namely, α = −1.0885) and another one less than α THD1 (namely, α = −1.0895).
In Fig. 7 we show the partial bifurcation set for α = −1.0885. If we compare this figure with Fig. 5 we observe the following differences. First, a cusp CU (of symmetric periodic orbits) appears instead of the cusp cu (of asymmetric periodic orbits). Note that the curve CU of Fig. 6 has two intersections for a value of α < α THD2 and only one when α > α THD2 (in this last case, an intersection with cu also occurs). This change in the cusps is a consequence of the change in the direction of emergence that the saddle-node curves starting from Hd2a exhibit. In this case, the saddle-node curves SN4 and sn1 emerge towards the tame region of the homoclinic bifurcation H. We therefore observe that the connection between Hif and Hd2a via SN1 does not exist any more.
The second important difference between the bifurcation sets of Figs. 7 and 5 is the existence of two Hd1b points on the homoclinic curve H. The appeareance of these two Hd1b points is due to the turning point the curve Hd1b has close to the point THD1 (see Fig. 6 ). According to [Belyakov, 1980] , for three-dimensional systems without symmetry, from a point where the homoclinic connection has a determining double real eigenvalue, two bundles each consisting of an infinite number of bifurcations curves (corresponding to homoclinic and to saddle-node connections) will exist. In that nonsymmetric case it seems reasonable to expect also an infinite series of period-doubling bifurcation curves. Due to the Z 2 -symmetry Chua's equation (1) exhibits, we expect also an infinite series of saddle-node and symmetry-breaking bifurcations of the symmetric periodic orbits. The above infinite series are sketched by the few curves drawn between both Hd1b points on the curve H. A bifurcation set on the left of α THD1 is shown in Fig. 8 , for α = −1.0895. In this case, two Hd2a points appear as a consequence of the turning point that the curve Hd2a has close to the point THD1 (see Fig. 6 ). Simultaneously, one of the Hd1b points has disappeared and two new points appear, namely Hd1a and Hd2b. The presence of the point Hd2b implies in the nonsymmetric case (see [Belyakov, 1984] ) the existence of several infinite series of codimension-one bifurcation curves (several kind of homoclinic orbits and saddle-node of periodic orbits with cusps cu1) that accumulate in a complex manner on the point Hd2b. In the symmetric system we are considering there will also appear cusp type singularities CU1 on the saddlenode curves of the symmetric periodic orbits SN (see [Khibnik et al., 1993] ). Moreover, other infinite series of codimension-one bifurcation curves corresponding to double homoclinic connections, triple homoclinic bifurcations, . . . (see [Gonchenko et al., 1997] ) will also exist.
Decreasing again the parameter α, for α ≈ −1.089958 (turning point on the curve Hd2a in Fig. 6 ), both Hd2a points collapse and disappear. Then the saddle-node bifurcation curves of asymmetric periodic orbits sn1 and sn2 join and go from hod to Hd1b. Now the curve of saddle-node of symmetric periodic orbits SN4 joins SN5 and connect the cusp CU with Hd1b.
Finally, for α ≈ −1.11105 (turning point on the curve CU in Fig. 6 ), both CU points collapse and disappear giving rise to the saddle-node bifurcation curves SN1 and SN2 of Fig. 3 . In this manner, we have explained the existence of all the degeneracies present in Fig. 3 .
Secondary Homoclinic Connections and Their Degenerations
In this part of the numerical study we start focusing on the dynamics in a neighborhood of the point Hd2b, where δ = 1. Our aim is to study 0.0110 0.0115 β the degenerations of secondary homoclinic connections and their relation to the organizing centers THD1 and THD3. Note that, as far as we know, these two points have not been theoretically analyzed. Therefore, all the numerical information we present in this paper on THD1 and THD3 may be an useful guide for their analytical study.
As we have yet analyzed the presence of bifurcations for α > −1.2 (on both sides of the degenerate Takens-Bogdanov bifurcation TB1D), now we will intend to complete the bifurcation set for α = −1.2 (shown in Fig. 3 ) in the vicinity of the degeneration Hd2b. This will allow to find new codimensiontwo bifurcations related to the triple-zero degeneracy TZ.
According to the results of [Glendinning, 1984] , because of the Z 2 -symmetry Chua's equation exhibits, both the asymmetric periodic orbit that emerges from the curve ho and the symmetric periodic orbit (connecting Ho and He2 in the (β, c) plane) undergo several bifurcations when they approach to the principal homoclinic connection H. Note that, for the sake of clearness, we have only drawn the bifurcation diagram of symmetric periodic orbits [see Fig. 9(a) ]. The asymmetric one undergoes period-doubling PD and saddle-node sn bifurcations whereas the symmetric periodic orbit experiments pitchfork PPO and saddle-node SN bifurcations. Concretely, we show the first two saddle-node SN1 and SN2 (already drawn in Fig. 3 ), the first two pitchforks PPO and the following saddle-node in the wiggle, SNa and SNb. Note that the branch of the principal symmetric periodic orbit shown in Fig. 9 (a) connects H with He2 (this last one is on the left outside the parameter range of the window).
Numerical continuation suggests that all of the quoted bifurcations (period-doubling, pitchfork, saddle-node) emerge from the homoclinic degeneracy Hd1b (in a similar way as shown in Fig. 8 ). We show in Fig. 9 (b) the bubble-shaped curves PD and PPO in a vicinity of the degeneracy point Hd2b of the principal homoclinic orbit H.
The saddle-node curves corresponding to symmetric (SNa, SNb) and asymmetric (sna, snb) periodic orbits end at cusp points, CU1 and cu1, respectively [see Fig. 9(c) ]. The projection onto the (α, β) plane of the curve CU1 corresponding to the first cusp of saddle-node bifurcations of symmetric periodic orbits is shown in Fig. 10 . Remember that this cusp is associated to the Hd2b (δ = 1) homoclinic degeneration, also drawn in the picture. Observe that CU1 connects the codimension-three points THD1 (doubly degenerate homoclinic point, transition saddle to saddle-focus and δ = 1) and TZ (triple-zero). The curve of the first cusp of saddle-node bifurcations of asymmetric periodic orbits [cu1 in Fig. 9(c) ], that is undistinguishable with CU1, also connects THD1 and TZ. For that reason we conjecture that an infinite number of cusp curves, both of symmetric and asymmetric periodic orbits, emerges from THD1, accumulates on Hd2b and ends at the triple-zero degeneration point TZ.
To detect secondary homoclinic connections we continue the asymmetric periodic orbits emerged from PD and PPO. Two 2T-asymmetric periodic orbits, Axx and its symmetric Azz, emerge from the period-doubling PD. They are characterized because their projections onto the xz plane surround two times the same nontrivial equilibrium, P + (x, y, −z) in the first case and P − (−x, −y, z) in the second, where x > 0, y > 0 and z > 0. Both asymmetric periodic orbits disappear in a pair of double-pulse homoclinic connections, Hxx (the projection onto the xz plane of the one-dimensional manifold of the equilibrium surrounds two times the nontrivial equilibrium P + ) and its symmetric Hzz (the projection onto the xz plane of the onedimensional manifold of the equilibrium surrounds two times the nontrivial equilibrium P − ), located on the right side of the curve H. Also, a pair of asymmetric periodic orbits, Axz and its symmetric Azx, is born from the curve PPO. In this case, their projections onto the xz plane once surrounds to each nontrivial equilibrium. They disappear in another pair of double-pulse homoclinic connection, Hxz (the projection onto the xz plane of the onedimensional manifold of the equilibrium surrounds first P + and then P − ) and its symmetric Hzx (the projection onto the xz plane of the one-dimensional manifold of the equilibrium surrounds one time first P − and then P + ) situated on the left side of the curve H. Note that the above notation is used along the text for n-pulse homoclinic connections. To make it clear, different triple-pulse homoclinic connections appear below in Fig. 15 . Note that for simplicity we will only mention one of the homoclinic of each pair (for instance, in the case of the symmetric pair Hxx and Hzz we will only write Hxx).
In Fig. 9 (b), numerical continuation of both curves, Hxx and Hxz, shows that they also are bubble-shaped.
Numerical results lead to the conjecture that they emerge from the homoclinic degeneration point Hd1b (that is outside the parameter window shown). Bubble-shaped homoclinic connections have been found by [Oldeman et al., 2001] in the study of an inclination-flip homoclinic degeneration in a theoretical model proposed by Sandstede.
The detection of asymmetric periodic orbits has been easy starting from PD and PPO and subsequently the detection of the double-pulse homoclinic connections Hxx and Hxz. However, a more difficult task is to find the symmetric periodic orbits that also wiggle around them. The reason is that such periodic orbits do not emerge from a local bifurcation but they connect two global connections. Bifurcation diagram of Fig. 9(a) shows that, in this case of symmetric periodic orbits, Sxxzz and Sxzzx are related although they emerge from different homoclinic connections. This fact is logical as when we repeat the sequence of symbols in each of the two symmetric orbits, xxzzxxzzxxzz . . . and xzzxxzzxxzzx . . . , both initial sequences of four symbols are present in these two strings.
Each one of these secondary homoclinic connections, Hxx and Hxz, exhibits new degenerations of the type Hd2b (δ = 1) on each of their two branches (marked with black bullets in Fig. 9(b) ). This process described above (existence of curves of saddle-node bifurcations of periodic orbits, symmetric as well as asymmetric, that collapse in cusps in a neighborhood of the Hd2b points) is repeated.
Also degeneracies of the type Hd3 (δ = 1/2) are also present but outside the range of Fig. 9(b) .
We have numerically continued in the (α, β, c)-parameter space the curves of such kind of degenerate homoclinic connections. Their projection onto the (α, β) plane is shown in Figs. 11 and 12 . Our interest is to see if these curves are related to the points THD1 and THD3 from where the same degenerations of the principal homoclinic orbit H emanate.
In the first case (see Fig. 11 ), we consider the degeneration δ = 1 of the homoclinic connections Hxx and Hxz. We observe that these two degeneration curves, Hxzd2b and Hxxd2b, are situated on both sides of the curve Hd2b (one on each side), they are not related to THD1 but it seems from numerical results that all of them emerge from the triple-zero degeneracy TZ.
In the second case, δ = 1/2 degeneration, we observe in Fig. 12 (a) that all these curves effectively emerge from the degeneracy point THD3. They present the common characteristics that the branches corresponding to the two degenerations present in the same homoclinic connection (Hxx or Hxz) for a fixed value of the parameter α are not connected. In effect, in the case of the homoclinic connection Hxz, numerical continuation of the degeneration δ = 1/2 present in its left branch (the farthest one to the principal homoclinic connection H in Fig. 9(b) ) gives the curve Hxzd3 of Fig. 12(b) that ends at the triple-zero point TZ (that is, it has the same behavior exhibited by the degeneration curve Hd3 of the principal homoclinic connection H also drawn (black curve) in the picture). However, the numerical continuation of the same degeneration situated on the right branch produces a curve (located between Hd3 and the other branch of Hxzd3) that, spirals around the curve of T-points TP1 and finally ends at one point of it, namely TP1D. Note that, in a three-dimensional system, having at least two saddle equilibria, a T-point occurs when the onedimensional unstable manifold of one of the equilibria and the one-dimensional stable manifold of the other equilibrium coincide. At the same time the two-dimensional manifolds of the equilibria have a transversal intersection originating in a heteroclinic loop (set of two heteroclinic orbits) between both equilibria. Usually, this codimension-two heteroclinic loop is also called T-point. We refer for details to [Fernández-Sánchez et al., 2002a] and the references inside. A more detailed analysis of that second degeneration curve, looking for instance at the projection onto the xz plane of the three homoclinic connections existing for α = −1.35 [see Fig. 12(b) ], would show that the homoclinic closest to the curve Hd3 is of type Hxz but that the other two connections are of the type Hxzz (the projection onto the xz plane of the one-dimensional manifold of the equilibrium surrounds first P + and then two times P − , see Fig. 15(c) ). Remark that the increase in the number of turns around the nontrivial equilibria (in phase space) occurs in a parallel way as the homoclinic curve spirals around the T-point (in parameter plane) until it ends at TP1D. This fact, analytically explained in [Fernández-Sánchez et al., 2002a] , is also evident in Fig. 21 of [Champneys & Rodríguez-Luis, 1999] .
The projection of the codimension-three heteroclinic connection TP1D onto the xz plane, drawn in Fig. 13 , makes evident that such a point belongs to a T-point curve. The spiral shape of the degeneration curve Hxzd3 suggests that the bubble of the curve of homoclinic connections Hxz from which it proceeds, for values of α close to the triple-zero critical value, may break and then one of its branches will end in a T-point. This process that will be detailed in [Algaba et al., 2003] T-point provides the curve TP1 of Fig. 12(b) . Note that this curve emerges from the triple-zero degeneracy point TZ.
Such a T-point, see Fig. 13 , is the easiest one that connects the origin and one of the nontrivial equilibria (observe the one-dimensional manifold, black line, joining both equilibria) (see [Fernández-Sánchez et al., 2002b ] to find secondary T-points in another electronic circuit). This numerical study has allowed to detect the existence of a degeneration point on the T-point curve TP1, where the eigenvalues of the equilibrium at the origin satisfy the condition δ = 1/2 whereas this condition does not hold for the eigenvalues of nontrivial equilibria. A curve of degenerate homoclinic connections with δ = 1/2 corresponding to a right branch of Hxz emerges from THD3 and ends at TP1D.
In the case of the homoclinic connection Hxx, numerical continuation of the degeneracy δ = 1/2 placed on its right branch (in Fig. 9(b) , the farthest one to the principal homoclinic H) shows again its relation with a triple-pulse homoclinic connection [see Fig. 12(c) ]. Concretely, this relation is seen for the δ = 1/2 degeneracy of the homoclinic connection Hxxz (the projection onto the xz plane of the one-dimensional manifold surrounds two times the equilibrium P + and one time the equilibrium P − , see Fig. 15(b) ) on its right branch in Fig. 14(b) . On the other hand, the curve Hxxd3 corresponding to the degeneracy placed on the left branch of Hxx in Fig. 9(b) ends at the triple-zero point TZ. This also occurs with the degeneracy curve δ = 1/2, that coming from the left branch, has the homoclinic connection Hxxz. Note that all these degeneration curves are located above the curve Hd3 [black curve in Fig. 12(c)] .
We have performed the same study for several triple-and quadruple-pulse homoclinic connections in order to verify if some of the behaviors found above are also present and to know its situation in parameter plane. For a better visualization we have taken α = −1.3.
In Figs. 14(a) and 14(b) we have drawn these homoclinic connection curves (Hxxxx, Hxxx, Hxxz, Hxzz, Hxzx and Hxzxz) together with the curves H (principal homoclinic), Hxx and Hxz (double-pulse homoclinic). It can be seen that the homoclinic starting with the couple xx . . (respectively xz . .) are placed consecutively to the right (respectively left) of the principal homoclinic H. Moreover, in accordance with the situation of Fig. 12 , the curves Hxxz and Hxzz are inside the existing double-pulse homoclinic curves.
To clarify the notation used we show in Fig. 15 the projection of the triple-pulse homoclinic connections onto the xz plane together with the projection of the equilibrium points P + and P − . For each one we have taken the value of the parameters where the corresponding curve has a turning point (see Fig. 14) .
An analogous reasoning, as the previous one used for the periodic orbits emerging from doublepulse homoclinic connections, indicates that, for a fixed number of symbols, three in our case, the asymmetric periodic orbits emerging from Hxxz and Hxzx may be related, as both three-element lists can be obtained from the two series of symbols xxzxxzxxz . . . and xzxxzxxzx . . . The same situation may occur with the symmetric periodic orbits emerging from the homoclinic connections Hxxx, Hxxz and Hxzz.
The bifurcation diagram for c = 1.018 [dashed black line in Fig. 14(b) ] shows such a relation between the asymmetric periodic orbits [dashed lines in Fig. 14 possible because of the presence of cusp bifurcations of periodic orbits, in the parameter plane (β, c), on the saddle-node placed at the bottom of the wiggle (black bullet) in Fig. 14(c) .
A very similar bifurcation diagram is obtained in the case of the symmetric periodic orbits [red line in Fig. 14(c) ], although in this case the periodic orbits are shared by other two homoclinic connections Hxxx and Hxzz. An analogous reasoning as employed for the asymmetric periodic orbits explains the transition between the diagram in Fig. 14 the symmetric periodic orbits corresponding to the homoclinic connection Hxxx (this transition is possible because the saddle-node marked with a red bullet exhibits a cusp). Numerical continuation of the degenerations δ = 1 exhibited by the homoclinic connections Hxzx and Hxzxz shows analogous curves to those obtained in Fig. 11 . Such curves emerge from the point TZ and are consecutively placed below the curve Hxzd2b.
This analogy is also present in relation to the curves obtained in the case of the degeneration , showing codimension-two bifurcations of periodic orbits connecting codimension-three bifurcation points (black points); namely, a first Takens-Bogdanov TBPO exists between the degenerate Hopf-pitchfork point DHP and the homoclinic degeneration point THD3 and a second one TBPO joins TZ and THD3. Note that the curve of secondary Hopf bifurcation of periodic orbits HH (torus curve) splits in two branches when it intersects with the period-doubling curve PD. Remark that TBPO is onto the curve PD whereas TBPO stands on sn1. δ = 1/2 for these homoclinic connections that emerge from the point THD3. This process allows to obtain a succession of degenerate points, the endpoints of such curves, that play a similar role to the point TP1D. That is, these points are located onto curves of secondary T-points (the one-dimensional unstable manifold of the origin connects the onedimensional stable manifold of the nontrivial equilibria following a path more complicated than in the case of the principal T-point shown in Fig. 13 ) that emerge from the triple-zero degeneracy TZ. This fact will be treated in [Algaba et al., 2003 ].
Up to now we have found curves joining TZ and THD3 corresponding to codimension-two homoclinic connections. To complete the bifurcation scenario, we will look for curves of codimension-two bifurcations of periodic orbits connecting TZ and THD3. In this way we will be able to complete Fig. 3 of [Algaba et al., 2000] .
To do that, for α = −1.3, we look for and detect the presence of a secondary Hopf bifurcation HH joining two Takens-Bogdanov bifurcations of periodic orbits, TBPO and TBPO (see Fig. 16 ). We remark that TBPO is placed onto the saddle-node bifurcation curve sn1 and is close to the homoclinic degeneration Hd1b whereas TBPO is situated on the period-doubling bifurcation curve PD and is also close to Hd1b.
Notice that the Takens-Bogdanov bifurcations of periodic orbits TBPO and TBPO are qualitatively different. The first one corresponds to a nondiagonalizable double +1 Floquet multiplier of a periodic orbit (strong 1:1 resonance), whereas in TBPO there is a nondiagonalizable double −1 Floquet multiplier (strong 1:2 resonance). Decreasing α we have observed that the point TBPO is moving away from Hd1b onto the saddle-node curve sn1. When crossing the degeneration point TZ a new branch of secondary Hopf bifurcation HH emerges from the Hopf-pitchfork bifurcation HP and ends at TBPO (see Figs. 3 and 4 of [Algaba et al., 2000] ; note that in Fig. 4(a) of that work, we put erroneously A instead of TBPO). For this reason we conjecture that, if we move the parameter α in the opposite direction, points TBPO and TBPO , corresponding to the left branch of HH, would emerge from a point placed on the curve Hd1b of our Fig. 4 , namely from the point THD3. Analogously, HP and TBPO , endpoints of the right branch of HH, would emerge from a point TZ.
In this manner, we can complete Fig. 3 of [Algaba et al., 2000] in the way shown in our Fig. 16 .
Conclusions
In this paper we establish a relation between Chua's equation and the control canonical form and analyze different dynamical behaviors. Namely, we have seen that Chua's equation can be written as a perturbation of the Z 2 -symmetric triple-zero bifurcation in a certain range of the parameters. Then, the dynamical behavior found in Chua's circuit is expected to be generic for a symmetric triple-zero bifurcation. In this way, all the information we could obtain about Chua's equation will be a valuable guide to orientate the analytical study of the triple-zero degeneracy, a very difficult problem that is far from its full understanding.
In the wide set of control systems considered, we study normal forms, under C ∞ -equivalence, of Takens-Bogdanov and triple-zero degeneracies. Note that both local bifurcations are a source of global connections and cusps of periodic orbits. We also show the possibility of nonlinear degeneracies in the Takens-Bogdanov bifurcation.
In this work we have obtained important numerical outcomes. Firstly, we have detected organizing centres of codimension three corresponding to equilibria and global connections. In the case of equilibria: triple-zero TZ, degenerate Takens-Bogdanov TB1D, doubly-degenerate Hopf of the nontrivial equilibria ThoD, degenerate Hopf-pitchfork DHP (considered in the previous work [Algaba et al., 2000] ). With respect to global connections, we have numerically detected and studied three codimension-three points of homoclinic connections, THD1, THD2 and THD3, that, as far as we know, have been studied neither analytically nor numerically. Our numerical study may be an useful guide in their analytical study. Also a codimension-three heteroclinic cycle (degenerate T-point, TP1D) has been detected.
The codimension-three bifurcations mentioned above organize several codimension-two degeneracies corresponding to equilibria, periodic orbits and global connections. In the case of equilibria we have dealt with a degenerate Hopf bifurcation of the origin Hod, a degenerate Hopf bifurcation of the nontrivial equilibria hod, a Takens-Bogdanov TB1 (homoclinic case) and another Takens-Bogdanov TB2 (heteroclinic case). The codimension-two bifurcations of periodic orbits we have found are cusps CU and cu, Takens-Bogdanov TBPO and TBPO . With regard to codimension-two homoclinic connections we have found six different types, Hd1a, Hd1b, Hd2a, Hd2b, Hd3, Hif, some of them able to justify the existence of very complex dynamics. Moreover, a codimension-two heteroclinic connection, TP1 (T-point), has been detected.
Secondly, we have made evident a lot of relations between different points of codimension two and three. These important numerical results appear, basically, in Figs. 4, 6, 10, 11(a) , 12(a), 12(b) and 16.
It is obvious that the results obtained in this paper correspond only to a little step in the formidable task of the full comprehension of the triple-zero linear degeneracy in a Z 2 -symmetric system.
New contributions in this direction will appear in the companion paper [Algaba et al., 2003 ]. There, we intend to complete the present work in several ways in order to obtain as much information as possible in the vicinity of the triple-zero degeneracy. First, we will study bifurcation sets for values of α close to α TZ to find new organizing centres and connections between them. For instance, we expect to find secondary T-points, collapse of a T-point with a Hopf surface, periodic orbits with double-zero diagonalizable Floquet multipliers as origin of torus bifurcations . . . Moreover, we also want to understand what happens with the principal homoclinic connection H on the other side of the triple-zero TZ, when it does not emerge from the Takens-Bogdanov point TB1 (remember that the Takens-Bogdanov change from homoclinic type to heteroclinic type when crossing TZ).
On the other hand, we would like to establish relations between the saddle-node bifurcations of periodic orbits emerging from degeneracies in homoclinic connections and Arnold's tongues associated with the two branches HH of Fig. 16 . Concretely, the numerical study of some saddlenode bifurcations of periodic orbits will reveal a relation between Arnold's tongues emerging from torus bifurcations and the homoclinic connections. Note that some results on Arnold's tongues in another Z 2 -symmetric electronic circuit have been recently published in [Algaba et al., 2001] .
Finally, a difficult task we intend to do in the future is the study of system (9), that will provide very important information about the dynamics a Z 2 -symmetric system may exhibit in the vicinity of a triple-zero bifurcation.
